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An anticpatory system is a syslem which contains a modd of itself and/or of its environment in view of
computing its present sate as afunction of the prediction of the modd. With the concepts of incurson and
hyperincurson, anticipatory discrete sysems can be modelled, smulated and controlled. By definition an
incurson, an indusive or implidit recurson, can be written as.

X(t+1) = F[..., X(t 1), X(t), x(t+1),...]

where the value of a varidble x(t+1) at time t+1 is a function of this varigble at padt, present and future
times Thisisan extenson of recurson.
Hyperincurson is an incurson with multiple solutions.

For example, chaosin the Pearl-Verhuls map modd : X(t+1) = ax(t).[1 - x(¥)]
is controlled by the following anticipatory incursve modd : X(t+1) = ax(t).[1 - x(t+1)]
which corresponds to the differentid anticipatory equation:  dx(t)/dt = ax(t).[1- x(t+1)] - x(t).

The main part of this paper deds with the discretisation of differentid equation systems of linear and nor
liner osdillators. The non-linear oscillator is basad on the Lotka-Volterra equations modd. The
discretisgtion is made by incurson. The incursve discrete eguation sysem gives the same dability
condition than the origind differentid equations without numericd indabilities The linearistion of the
incursve discrete non-linear Lotka Volterra equetion system givesrise to the dassicd harmonic ostillator.
The incurgve discretistion of the linear osaillator is Imilar to define backward and forward discrete
deivaives A generdized complex derivative is then consdered and gpplied to the harmonic osaillator.
Non-locdity seems to be a property of anticipatory sysems. With some mathematicad assumption, the
Schrodinger quantum equition is derived for a partide in auniform potentia.

Fndly an hyperincurave sysemisgiven in the case of aneurd sack memoary.
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1 Introduction

Robert Rosen (1985, p. 341), in the famous book, “tentatively defined the concept of an anticipatory
sysem: a system containing a predictive modd of itsdf and/or of its environment, which alows it to Sate
a an indant in accord with the modd's predictions pertaining to a later indant... It is well to open our
discusson with arecapitulaion of the main features of the moddling rdaion itsdf, which is by definition
the heart of an anticipatory sysem”

Robert Rosen (1985), in his book, conjectures that adaptation and learning systems in biologica
processes are anticipatory systems. For him, anticipation is the centra difference between living and non
living sysems

Before explaining my undersanding of computing anticipetory systems by incurson and hyperincursion, |
would liketo paint out that my mathematical moddling is drasticaly different from Robert Rosen one.

1.1 Robert Rosen's Inter pretation of Anticipatory Systems

Robert Rosen (1985) gates on one hand, that the evolution of an anticipatory sysem S(t) a each time
dep is driven by the predictive modd M(t+1) a alater time. But, on the other hand, Robert Rosen says
thet the predictive modd M is not affected by the system.

With these datements, a finite difference equation sysem can thus be written as

DS/Dt = [S(t+DX) - S(0)]/Dt = FS(t), M(t+DY)] (1a)
DM/Dt = [M(t+DY) - M(©)]/Dx = G[M(0)] (1b)

If M is modd of the sysem itsdf, then the modd is a modd of the system itsdf without the predictive
modd guiding it. Thus, the predictive modd of the sysem itsdf is not a true predictive modd of the
sysdem itsdf. Thisleads to a contradiction.

If M isamodd of the environment of the system, and if the environment is affected by the sysem, this
leads aso to a contradiction: the modd is not predictive because the mode is not affected by thesystem
which affects the environment.

In concluson of this short analyss of Robert Rosen gpproach to anticipatory sysems, it must be dated
that there is no dradtic difference between his gpproach and the classca theory of control. Indeed, in
contral theory, the enginear designs the contral function of a sysem as a function of future objectives
which guide this sysem in feedbacking the outputs of the sysem to modulate its inputs in view of
minimising the distance between the actud outputs to the wanted outputs.

1.2 My Interpretation of Anticipatory Systems

With the Robert Rosen definition of anticipatory systems, | propose to define a computing anticipatory
system S as afinite difference equaion system



DS/Dt = [S(t+Dt) - S(t)]/Dt = F[S(t), M(t+Dt)] (29)
DM/Dt = [M(t+DY) - M(t)]/Dt = F[S(t), M(t+Dt)] (2b)

where the future state of the system S and the model M a time t+Dt is a function F of this sysem S a
timet and of themodd M e alater time step t+Dt.

If the model isthe sysem itsdlf, then | write M = Sand egs. 28b reduce to

DSDt = [S(t+Dt) - S(1)]/Dt = F S(t), S(t+Dt)] (20)

what | defined as an incursve system, an indusive or implicit recursve sysem: the future ate of an
incursve system S(t+Dt) depends on the past and present state(s) of the system ... S(t-Dt), S(t) but dso

on itsfuture Sate(s) S(t+Dt), S(t+2Dt), ...
If | replace S(t+Dt) in the second member of eq. 2¢ by the equation 2c itsdlf, | obtain

DSDt = [S(t+Dx) - S(B)]/Dt = A (), S(t)+De.FS(L), S(t+DY]] (2c)
inwhich | can replace indefinitdy S(t+DX) by the equation itsdf leading to an infinite series

| will show in this paper an example where thisinfinite seriesis asmple expression depending only on S(t)
with the Pearl-Verhulst chaos map.

If the modd isamodd of the environment E of the system, | write

DS/Dt = [S(t+Dt) - S(t)]/Dt = A S(t), E(t+Dx)] (2d)
DEDt = [E(t+DX) - E(1)]/Dt = GIE(D), S(1)] (28)

which defines o as an incursve system because the future ate of the sysem isafunction of its date at

the preceding time and of the future Sate of its environment. Such a sysem can be trandformed to the
recursve sysem

DSDt = [S(t+Dx) - S(1)]/Dt = HS(Y), E(t)+Dt.GlE(), S]] (2d)
DE/Dt = [E(t+Dt) - E()]/Dt = G[E(t), S(1)] (2€)

Examples of such sysems will be given in this paper with non-linear Lotka\olterra and linear harmonic
oxcillators.

If the environment has aso a predictive modd of the sysem, | can write

DSt = [S(t+DX) - 0))/Dt = A (Y, E(t+D] (&)
DEDt = [E(t+DX) - E[®)]/Dt = G[E(), S(t+Db)] (29

which isaso anincursve sysem leading to two crossed infinite series.

1.3 Definition of Incurson



Let usfirg define the concept of incurdgon, a contraction of indusive or implicit recurson.

A smple recurson with a function f[x(t), p] of a varigble x(t) depending of time t and parameter p, is
defined as

X(t+1) = f[x(t), p] ©)
where the vdue of the variable a each indant t+1 is a function of the vdue of this variadle a the

preceding time dep t. From the knowledge of the initid condition x(0) a time t=0, it is possble to
compute dl the future dates o the variable:

x(1) =1x(0), pl
X(2) =f[x(1), p]

Q&(n) =flx(n-1), p] (33
Anincurdonisanindusve or implicit recurson, an extenson of the recurson in the following way:

X(t+1) = f[x(t), x(t+1), p] (4)
where the vaue of the varidble a& each indant t+1 is a function of the vaue of this variable at the
preceding time Sep t, but Ao a time t+1. This defines a df-referentid sysem which is an anticipatory

gydem of itsdf. The function f describing the dynamics of a system contains a modd of itsdf; indeed
X(t+1) in the function f can be replaced in the following way:

x(t+1) = f[x(0), fx(O, x(t+1)], p). Pl (4a)

where the sysem explicitly contains a predictive modd of itsdf. Let us give a smple example of such an
incurgve anticipatory system.

1.4 Control of Chaosin an Incursive Anticipatory System

In population dynamics, the differentid equation of the growth of a population following Pear-Verhulg is
given by

dx()/dt = ax(®).[1-x@)]-bx(®) )

where a is the birth rate and b the degth rate and [1-x(t)] represents a control of the birth rate of the
population. Indeed, without control, the populaion would grow to infinity if a> b andto zeroif a<b.
A finite difference Rearl -Verhulst equetion is given by:

X(t+1) = x(t) + ax(t).(-x(t)) - bx(t) (5a)
where x(t) isthe value of the population at timet and ais the growth rate and b the decay rate.



In taking b=1, the well-known chaos map, given in Fig. 1a, isobtained:
X(t+1) = ax(t).(1-x()) (54)

For vdue of a= 4, the sysem shows chaos and the future of this sysem is unpredictable from its initid
condition x(0) a timet = 0. Thisisthe senghility to initid conditions

An anticipatary system can be built from this eg. 54 in writing:
X(t+1) = ax(t).(1-x(t+1)) (6)

where now the saturation factor is a predictive function of the populetion & alaer time Sep.
In replacing x(t+1) in the second member of eg. 6 by eg. 6 itsdf, we obtain:

X(t+1) = ax(t).(1-ax(t).(1-x(t+1))) (63)
which isan incurgve system. In continuing to replace x(t+1) by itsdf, an infinite ssquence is obtained:
X(t+1) = ax(t).(1-ax(t).(1- ax(t).(1- ax(t).(2- ax(t).(2- ax(t).(1- ax(®).(1-..))))))) (6b)

Thereis aparadox which in fact is easy to undergand. If an anticipatory system contains amode of itsdlf,
this means that the modd of itsdf mugt indude dso the modd of itsdf and o on until infinity. Thereare an

infinity of embedded modds in each other. This looks without hope to resolve the problem or to smulate
such systems. Mathematically, there is a means to resolve this paradox. Indeed, eg. 6b can be written as

x(t+1) = ax(t).[1-ax(t)+ax()*-a x(t) *..] = ax(t) / [1+ax(®)] (60)
because
[L-axt)+ax®)>-ax®)*+.] = [(-ax®" =1/ [1+ax()] (6C)

Thisis an important result which shows that the future vaue of avarigble x at time t+1 can be represented
by aninfinite sum of thisvariadle x a the present time x(t) which converges to asmple function depending
on thisvariable X(t) at the current present time.

An anticipatory system can be related to a hyperset H defined as a collection of its dements E and itsdf:
H ={EH}.

Jon Bawise and Larry Moss (1991) introduced this concept of hyperset for defining infinite descending
sequences. They demondrate that such eguations are ruled out by an accepted axiom of sat theory, the
Axiom of Foundation.

Peter Aczd (1988) work has taught that the axiom of foundation is not a necessary part of aclear picture
of the universe of sets. The Antifoundation Axiom was thus proposed (see Jon Bawise and Larry Moss,



1991, for a very interesting development of new directions of research in hypersets theory). In asmple
manner, it is established that a classica set cannot be amember of itsdf. So, sdf-referentid sysems have
today no theoreticd well-established framework.

The incurgve equation of the anticipatory system 6 can be thus written as the recursive anticipatory
sysem

X(t+1) = ax(t).[1-ax(t)/[L+ax(t)]] (6d)

With such an anticipation, eg. 6d doesn't show chaos This anticipatory system has two fixed points which
represent its implict findity or teleonomy. The god or objective of this anticipatory system is not explicitly
imposed from outsde the sysem like in contral theory but is determined by the gtability or ingtability
points of the sysem itsdlf.

Figures 1ab: () Bifurcation diagram of eqg. 54, x(t) asafunction of a
(b) Incurgve anticipatory control of chaos with eg.6¢, X(t) as afunction of a

Eq. 6d can be trandformed to the following differentia equation
dx/dt = ax(t). [1-ax(t)/[L+ax(®)]] - x({t) = ax()/[1+ax(t)] - x(t) (66

Let us show that thisis actudly an anticipatory sysem in conddering the following anticipatory differentid
equation

dx(O)/dt = ax(t).[1- x(t + 1] - X(0) (&)

which is an anticipatory sysem because the derivetive of x(t) depends on x(t) but also on x(t+1) a a
futuretime From the discretisation formula of the time derivative, we can write



X(t+1) = x(t) + dx(®)/at 69)
and in replacing this equation 6g in eg. 6f, we obtain
dx(t)/dt = [ax(t).[1 - x(t)] - x(®)] /[1+ax(®)] =ax(@®)/[1+ax(t)] - () (Cp)

which isidenticd to eg. 6e. This equation looks Smilar to the Monod-Michadis-Menten equation largely
usad in moddling populaion dynamics, growth of bacteria, biochemica reactions and economics eic.

Let us show now an hyperincursve anticipatory system.

1.5 Definition of an Hyperincursive Anticipatory System

Thefadlowing equetion

X(t) = ax(t+1).(1-x(t+1)) (7)

defines an hyperincurdve anticipatory sysem. Hyperincurson is an incurson with multiple solutions.
With a= 4, mathematicaly x(t+1) can be defined as afunction of x(t)

X(t+1) = 1/2 + 1/2 Q(1-x(t)) 8

where each iterate x(t) generates a each time sep two different iterates x(t+1) depending of the plus
minus sgn. The number of future vaues of x(t) increases as a power of 2. As the system can only take
one vaue a each time step, something new must be added for resolving the problem.

Thus, the following decison function u(t) can be added for making a choice at each time step:

u(t) = 2.dH)-1 )

where u = +1 for the decison d = 1 (true) and u =-1 for thedecison d = O (fd ).
Inintroducing eg. 9 to eg. 8, the following equation is obtained:

X(t+1) = 12 + (d())-1/2). O(1-x(1) (10)

The decison process could be explicitly related to objectives to be reached by the date variabdle x of this
sysem. Thisisimportant to point out that the decisons d(t) do not influence the dynamics of x(t) but only
guide the sysem which cregtes itsdlf the potentia futures.

This hyperincurgve anticipatory sysem was proposed as a modd of a sack memory in neura networks
(Dubois, 1996¢) which is developed at the end of this paper.



2 Incursive Anticipatory Linear And Non-Linear Oscillators

In conputer science, the discretisation of differentid equations sytems gives sometimes rumerica
ingtabilities which can be controlled by incursive anticipatory discretisation.
Let usfirg congder the nontlineer modd given by the discretised L otkarV olterra equations:

X(t+Dt) = X(t) + Dt[aX(t) - b.X(1).Y ()] (1338

Y (t+Dt) = Y(t) + DL[-c.Y (1) + d.X(1).Y (1)] (13b)
wheret isadiscrete time with steps Dt, and a, b, ¢, d are the parameters.

Andytica solutions exig only for smal osalllations from the Seedy state Xo= ¢/d and Yo=alb, which are
identical to a harmonic linear oscillator. In taking X=Xo + x and Y=Yo + y, when x and y are smdll, the
linearisation of these egquations gives

X(t++DX) = x(t) - Dt.(bc/d).y(®) (134)
y(t+Dt) = y(t) + Dt.(ad/b)x (1) (13b)

With the change in variables q(t) = x(t), p(t) = - y(t) and in taking bc/d = 1/m and w2 = ac/m, the linear
harmonic oscillator equations system is obtained:

o(t+Dx) - o) = Dt.pt)/m (149)
p(t+Dt) - p(t) = - Dtm. w2.q(t) (14b)

in defining by g the position and p the momentum (p = m.v where m is the mass and v the velodity), and
where W is the pulsation. These equation can be reduced to an equation in g(t):

q(t+2Dx) - 2q(t+Dx) + q(t) = - Dt2 w2.g(t) (14c)

which corresponds to a discretisation of the second derivative of q(t+Dt).
But the solutions dl these equiations are ungtable.

Thefallowing Fig. 2 shows the ingability of the Lotka Volterra discrete model.



Figure 2. Smulation of egs. 13ab, Y (t) asafunction of X(t), with different initid conditions.
This discretisation of the Lotka- Volterramodd is undable.

Different incurgve discrete equations systems exist to control the oscillations of these norlinear and linear
discrete equations.

The iterative vadues of X(t+Dt) of the first equation (1338) can be propagated to the second equetion
(13b), in an incursive way, as proposed by Dubois [1992, 1993]:

X(t+Dt) = X(t) + De[aX(t) - b.X(1).Y ()] (159)
Y (t+Dt) = Y (t) + Dt[-c.Y (t) + d.X(t+Dt).Y (1)] (15b)

The amulation gives solutions with orbitd gability (see Fg. 38) and chaos (see Fg. 3b) depending on the
vaues of the parameters [Dubois, 1992].

Thelinearisad incurdve Lotka Volterra equetions give the incurgve harmonic oscillator ones:

o(t+Dt) = q(® + Dtpt)/m (152)
p(t+DX) = p(t) - Dt.m. W2.g(t+Dx) (15b)

with orbital gtability [Dubois, 1995). In replacing q(t+Dt) in eq. 15b" by eq. 154, eq. 15b" becomes
p(t+Dt) = p(t) - Dtm. w2.q(t) - DE. w2 P(t) (15b")

where the tamin Dt disappears when Dt tends to zero. Egs. 15a b’ can be reduced to an equation in
o():



q(t+Dt) - 2q(t) + q(t-Dt) = - Dt2. w2 q(t) (15¢")
whichistimeinvetiblein replacing Dt by - Dt. With atime trandation of - Dt, eg. 15b’ writes

p(t) = p(t - DY) - Dtm. w2.q(t) (15d)

which corresponds to a backward derivative of the momentum. In fact two derivatives can be defined for
adiscrete varidble x:

Drx/ Dt = (x(t + Dx) - x())/Dt (16)
Dox/ Dt = (x(t) - x(t - Dr))/Dx 17)

The forward derivative 16 and the backward derivative 17 are not dways equa (only at the limit for Dt=0
for continuous derivable equations); for non-derivable continuous equations like in fractd equations
systems, two derivetives must be defined. Let us remark that when Dt isreplaced by - Dt, the forward
and backward derivatives 16 and 17 becomes the backward and forward ones. Moreover, the
successive gpplication of the forward derivaive to the backward derivative, or the inverse, gives the
second order derivaive, whichistimeinvertible

D x/ D = x(t + DY) - 2x(t) + x(t- D) ]/ D¢

Figure 3a: Orbitd gability of the incursve anticipatory Lotka-Volterradiscrete egs. 15 ab
in the phase space, Y (t) asafunction of X(t).



Figure 3b: Orbita stability and chaos of the incursve anticipatory LotkaVolterra discrete
egs. 15 abin the phase space, Y (t) asafunction of X(t).

2.1 A generalized Discrete Derivative with Forward and Backward derivatives

Let us define a generdized discrete derivative by aweighted sum of these derivatives as follows [Dubois,
1995]:

Dy X/Dt = w.Dx x /De+(1-w).0, XDt = [w.x(t+Dt) + (1-2.w) X (1) +(w-1).x(t- DY)} /Dt (18)

where the weight w is defined in the interva 0,1. For w = 1, the forward derivetive 16 is obtained and for
w = 0, the backward derivative 17. For w = 1/2, derivative 18 becomes

Dy X/Dt = (x(t+Dt)-x(t-Dt))/2Dt=[Dy x/Dt + Dy, x/DX]/2 (189)

which is an average derivaive. With this generdized derivative 18, the discrete harmonic oscillator
equations sysem can be defined by:

(2-w).q(t+De)+(2w- 1).q(t)-w.q(t-Dr) = Dt.p(t)/m (199)
W.p(t+DX)+(1-2w).p(t)+(w-1).p(t-Dt) = - Dtw2 m.o(t) (19b)

which isidentical to the equations 15d,b' for w = 0.



For w = 1, the equations 19a,b correspond to the linearised incurgve Lotka-Volterra equations:

Y (t+Dt) = Y (1) + DL[-cY () + dX(0).Y ()] (204)
X(t+DY) = X (1) + Dt[aX(t) - b.X(0).Y(+Dt)] (20b)

where now we propagete the vaue of Y (t+Dx) in the equation of X (t+Dt).

The amulation gives solutions with orbita Sability (see Fg. 4a) and chaos (see Fig. 4b) depending on the
vaues of the parameters [Dubois, 1992].

For w = 1/2, the equations 19a,b become:

g(t+Dt) = q(t-Dt) + 2.Dx.p(t)/m (218)
p(t+Dt) = p(t-Dt) - 2. Dt. w2m.o(t) (21b)

which are symmetricd, but 4 initid conditions are to be defined indead of two. These are Smilar to the
following linearised discrete L otka:V olterra equations

X(t+Dt) = X(+-DX) + 2.Dt[ax(t) - bX(0).Y ()] (224)
Y (t+DY) = Y (&Dt) + 2.DL[-C.Y (1) + dX(0).Y (0] (22b)

for which 4 initid conditions are to be defined.

The smuldion in Fgure 5a gives solutions with different initid conditions as in Figs. 3a and 4a. For an
other st of parameters Fgs. 4bcdefghi show chaos with different initial conditions.




Figure 4a: Orbitd sability of the second incurgve anticipatory Lotka-Volterra discrete
egs. 20 ab in the phase space, Y (t) asafunction of X(t).

Figure 4a: Orbitd stability and chaos of the second incursive anticipatory Lotka-Volterra discrete
egs. 20 ab in the phase space, Y (t) asafunction of X(t).




Figure 5a: The amulation of egs. 22ab gives solutions in the phase space, Y (t) as afunction of X(t), with
different initid conditionsasin Fgs 3aand 4a

3 A Generalized Complex Discrete Derivative

From eg.8 of the generdized discrete derivative, the second order derivative is given by the successive
aoplication of eq.8 for w and (1-w), or theinverse:

DuDy.wX/DE =
[X(t+Dt)-2x(t)+x(t-Dt)|/DE + w(L-w)[X(t+2DX)- Ax(t+DE)+6x(t)- 4x(t- D) +x(t-2Dt)] /D
= D, wDux/D¥ (23

which is the sum of the dassicd discrete second order derivative and a factor, weighted by w(1 - w),
which is Smilar to afourth order discrete derivative (multiplied by D). For w = 0 and w = 1, the classicdl
second order derivativeisobtained: w(1 - w) = 0.

For w = 1/2, w(1 —w) = 1/4, the second order derivative is aso obtained but with adouble time interval
2D

In choosing the vaue of the w(1 —w) equd to 1/2, we obtain weights w, solution of

W-—w+1/2=0 (24)
which are given by the complex numbers

w=1/2%if2 (25)

and1-w=1/2%(i/2)=w ,wherew isthecomplex conjugate of w.

Figure5b Figurebc




Figure 5d Figure5e

Figure 5f Figure 5g

Figure5h Figure5i

Figures Sbcdefghi: Smulation of egs. 22ab in the phase space, Y (t) asafunction of X(t).
S0 e9.18 of the generdized discrete derivative can be rewritten as

Dy z /Dt = Wt ZIDt +W* pp z Dt = [w.z(t+Dr)+( W - w).z(t)+w .z(t-Dr)] /Dt (18)

where the generdlized complex derivative can be gpplied to acomplex variablez =x +1 y.
The second order derivative is given by the successve gpplication of eg.18 forw andw , or theinverse:

Dy D+ z/ DE = [ z(t+DX)-22(t)+2(t-Dt) ] / DE + ww [ z(t+2Dt)-4z(t+Dx)+6z(t)-4z(t-Dr)+
z(+2Dt) ] / D = Dy Dyz/ D (25)



which is the sum of the dasscd discrete second order derivative and a factor, weighted by the red
number ww ', which is similar to afourth order discrete derivative (multiplied by Dt).

3.1 Nottale’s Complex Velocity

With the complex weight w given by eg. 15, the first derivative of the podtion x (eg. 18) gvesrisetothe
complex velocity v

v = [ X(t+Dt) — x(t-DY) ]/2Dt + i [ x(t+DX) — 2x(t) + x(t-Dt) ]/2Dt (26)
In defining aforward velocity

vi= [ x(t+Dt) — x(t) 1/Dt (27a)
and abackward velocity

Vb = [ X(t)— x(Dt) J/Dt (27b)

the complex velocity 26 is given by
V= [Vw+vb]2%i[vi- w)/2 (28)

where the red pat of the velodity is the average of the forward and backward veocities and the
imaginary part is the difference of these forward and badkward derivatives. In congdering theinversetime
interva in replacing Dt by — Dt, the forward and backward derivatives becomes the backward and

forward derivatives. So, if the velodity is time invertible, the plus and minus signs correspond to Dt £ 0
and Dt 2 0. In the continuous limit Dt tending to zero, = w, and the dlassicd Newtonian velocity is
rediscovered and the imaginary part tendsto zero.

Thekingtic energy isared number given by

WA2=[ W +wy |14 (289)

Let usremark dso that the acceeration given by the second derivative of the postionx isared variadle,
becausew(1—w) = 1/2isred ineg. 23.

The complex velocity given by eq. 28 is smilar to the complex velocity proposed by L Nottae [1993]
V= [w+vp]2-0]v-w)/2 (29

where only a negdtive imaginary part & present. In his paper, L. Nottde proved that the definition of
backward and forward veocities and the complex energy with the Wiener process and Newtonian law,
give the Schrédinger quantum eguiation.

Let us show now, that without Wiener process and a red energy, the Schrodinger eguetion can be
obtained from the generdized complex discrete derivative goplied to a Newtonian harmonic oscillator.



3 Incursive Oscillator Related to Schrddinger's Quantum Equation

It iswdl-known thet the Schrodinger equition is defined as acomplex differentia equation
it IMt=- (7 2m) Pf /1$+Vf (30)

in one spatid dimension sfor apatidein apotentid V(s), wheref (st) is the wave function depending on
gpace sandtimet.
A Newtonian particle in aharmonic potentid is given by the equation sysem

dx/dt = p/m (314)
dp/dt =- mw* x (31b)

In defining a complex function, Smilar to the Haisenberg formdiam,
F=m2)"?wx +i pl(2m)"? (310)

we obtain

dF/dt = (Mm/2)Y2 w pfm - i m w? x /(2m)"?2
i dFfct = (MV2) 2 WP x +i w pl(2m)*2

or

i dF/dt=wWF (31d)

The generdized complex discrete derivetive 26 gpplied to eg. 31d gives
i [ F(t+Dx) — Ht-DXY) )/2dt + i [ F(t+dt) —2F(t) + F(t-dt) 172Dt = w F{)
or, in multiplying bath membersby 7,

i 7 [F(t+Dt)—=(t-DY)/20x = [- (7/2) [F(t+Dt)—2F(t)+F(t-Dt) 1/Dt]+a w F (32

Thefirg factor in the second member is Smilar to a diffuson in time of the postion and momentum. This
could be interpreted as atempord nontlocdity. In taking thered and imaginary part of F= R +il, we can
writeeg. 32 as

R(t+DY) = R(E-DX) - [1(t+Dt)-21 )+ (t-Df) ] + 2 Dtw | (329)
I(t+DX) = 1(&-De)] + [R(E+DE-2R()+R(t-D) | - 2Dt WR (32b)

which is an incursve anticipatory equation system, because R(t+DX) is a function of 1(t+Dt) and | (t+Dt) a
function of R(t+Dt). The red and imaginary parts of F have a predictive mode of each other. Can we
conclude that an anticipatory system has the property of tempord non-locdity? We will show thet eqg. 32



can be trandformed to a sysem smilar to a quantum system for which spatid non-locdity isawel-known
property. So a quantum system could be interpreted as a Spetid anticipatory system.

In view of obtaining a diffuson in gpace, let us define the pogition by x = x(s, t) and the momentum by p =
p(s t), where sisa spatid coordinate, the function F = (s, t), and eg. 32 becomes:

i i [F(st+Dt)—F(st-Db)]/2Dt = [- (712) [F(st+Dt)—2F(s)+F(st-Dt) /D +1 w F(st)  (32d)

In inverting the gpace s and time t varigbles in the function F(st) in the first factor of the second member,
the second time derivative is transformed into a second space derivative

i A[F(s,t+Dt)—F(st-D)]/2Dt = [- (7 ¢ Dt /2)[F(t,s+Ds)-2F(t,9)+F(t,s-Ds) J/ DS +hwF (33)

We can judify this in reference to the cdlassical wave equation. Indeed, et us condder the one dimension
wave eguation

Tx(SHTE = 2 TPx(sH/s (349)

where x(st) is the vdue of the wave & pogtion s & time t, and ¢ the veodity. This differentid eguation
can be replaced by the finite difference equetion

X(st+Dt)-2.x(st)+x(st-Dt) = ¢*. D [x(s+Ds,t)- 2.x(st)+x(s-Dsi))/Ds’ (34b)

After Finkelstein [1996], the Planck constants: Lp = 1.6 10%m, Tp = 10™ sand My = 2.5 10°°kg can be
deduced from the Maxwell constant ¢ = 3.0 10% mv's, the Newton constant G = 6.67 10™* Nnfkg and the

Plank condant % = 1.05 10 Js.

From these Planck congtants, we deduce MpG?Tp =7 or G Tp= 7/ Mp
wherethe Plank interval of time Tpis related to the mass M, of apartide. So, Similarly, we deduce ¢ Dt =

h I m, whereDtistheintervd of time related to the mass m of apaticle,
Intaking ¢ Dt= 7 / m, eq. 33 becomes

i 71 [ F(st+Dt)—F(s;t-Dt) 1/2Dt = - (h%/2m)[F(s+Ds;t)-2F(s;t)+F(s-Dst)]/Ds” +iwk(sit) (35)
This discrete equation 35 gives the following finite difference equation
i 7 DF/Dx = (- #* /2m) O’ F/ D" + h WF (36)

which isformaly smilar to the Schrodinger equation for afree partide in auniform potentid
V =7 wdong the saxis. Eq. 36 can be lit into the red and imaginary parts of F in function of x and v:

Dx(st) / Dt= - (7/2nw) D? v(st) / DS + v(si) (373)
Dv(st) / Dt = (hw/2m) D? x(st) / DS - W* x (37b)



When the mass becomes higher and higher, the diffusve factors vanish and the Newtonian formdiam is
obtained where the wave packet tendsto aparticle.

For w tending to zero, we will congder the following equation derived from egs. 36ab

D’x(st)/ D= - (W%4nf) D! x(st) / Ds* + (h w / m) D x(st) / Ds” - WP x (39)
which givesfor W tending to zero
D’ x(st) IDE= - (W% 4nf) Df x(st) / Ds' (39)

which is smilar to the quantum equation of the red part of the wave function for afree particle. Indeed, in
defining the red and imaginary parts of the wave function

f(st) =x(sp) +i y(st)
ineg. 30 withV =0, one obtains
TP x(s) /TP = - (:%4nf) T x(st) / Ts* (40)

Theratio DS’/ Dt ¢° dt =% / misreated to the Planck constant. When % becomes smaler and smdler,
the Newtonian formaliam is obtained [cf. Guizwiller, 1990].

In fact, the classcd Newtonian formalism can be obtained for particles or systems (like molecules) with a
high mass m: in this case, the spatia diffusion factor vanishes, which means dso that Dstendsto zero with
Dt (the fractd dimengon isthen Ds= 1 in the Eudidean space of Newton for meliam).

The factor before the Space derivative is Smilar to adiffuson coefficient [cf. Gutzwiller, 1990].

In our framework, we have trandformed a time diffuson to a space diffuson to obtain the Schrodinger
equation in relation to the wave equation

When Ds” tends to zero with D, this means that the space interva has a fractd structure of fracta
dimenson equd to Ds = 2 in agreement with Nottale [1989] conjecture.

An other interpretation is that & tends to infinity with Dt: the velocity becomes infiniter this is not in
contradiction with non-relaividic quantum mechanics



When the veodty of the partide tends to the vdoadty of light, this formdism is no more avaladle
following Nottde the time has the fractd dimenson D = 2. In quantum rddivity, 2w could represent the
mass energy of apartide iw = mc®. Research in this direction isin progress.

| have tested on computer the vdidity of the finite difference eg. 33 in consdering as usud by physicgs?

=1and c=1with 7 w=1,for a particle between two reflecting wallsa s= 0 and s= 200 (D’ / Dt =
1): thisisaquantum cdlular automata.

Theamulaions are given in Figuresaoc and 7.
Fg. 6abc show the smulaion of a partice reflecting between two wdls Theinitid condition isgiven by

F(s,0) =0, F(s -1) =0fors=1tos=99,s=101to 200
F(100,0) =1, F(100,-1) =1

In the Figure 6a, the horizonta axis represents the space variable s (from 1 to 200) and the verticd axis
represents the time variable t from the tap to the bottom. Fgures 6bc are the time continuation of Fig. 6a

These Figures show P(s, t) = F(st)F (st) as afunction of space sand time't. The red function is related
to the dendty of presence of the particle between the two wals. The initid particle behaves as a wave
oreeding until the two wals, reflecting and interfering with a spatid oscillation between the wdls. SdIf-
interference is well-seen.

Hg. 7 showsthe amulation for two initid partides Theinitid conditions are given by

F(s, 0 =0, Fs -1)=0fors=1tos=49, s=51to 149 and s= 151 to 200
F(50,0) =1, F(50,-1)=1
F(150, 0) =1, F(150, -1) =1

In the figure 7, the horizontal axis represents the space varidble s (from 1 to 200) and the verticd axis
represents the time varigble t from the top to the battom.

This Figure shows P(s, t) = F(st)F (st) as afunction of space sand timet. Thered function isrelated to
the densty of presence of the particde between the two wadls. The two initid particles behave as waves.
They reflect on thewdls and interfere: the interferences are well-seen.

The interesting agpect in these two smulations is the fact that the waves record in ther interferences an
information about the configuration of their space as well as the tempord higtory of their successve
reflections on the wals and their successve interferences. Even a single wave record its sdf-interferences.
S0 these waves behave like space-time memoaries. This is in agreement with the path integras of

Feynman
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4 Hyperincursive Stack Memory in Chaotic Automata

In this last section of this paper, | present anew mode of aneura memory by astack of binary input deta
embedded in afloaing point variable from an hyperincurdve process based on the Pearl-Verhulst cheotic
map: X(t+1)=4mx(t)(1-X(1)).

Theordticd and experimentd works enhance the vaidity of such an gpproach. Von Neumann (1996)
suggests that the brain dynamicsis based on hybrid digita-andogica neurons. | proposed afractd modd
of neurd systems based on the Pearl-Verhulst map (Dubois, 1990, 1992). A nortlinear threshold logic
was developed from this chaos fractd neuron (Dubois, 1996; Dubois and Resconi, 1993) in reaion to
the McCulloch and Ritts (1943) forma neuron. Experimenta andyss in nervous systems show fracta
chaos (King, 1991; Schiff, 1994). Neurd systems can be modeled as automata (Weisbuch, 1989). My
modd of a gack memory could be goplied in the framework of symbolic dynamics and coding (Lind,
1995).

The Pearl-Verhuls mep in the chaotic zone (1=1) can be transformed to a quas-linear map X(t+1)=1-
abs(1-2x(t)), where abs means the absolute vaue. This Smple modd was proposed for smulating neurd
chaos (Dubois, 1992). Let us congder the incursve mep

X() =1 - abg(1- 2X(t+1)) (41)

where the iterate X(t) a time t is a function of its iterate a the future time t+1, where t is an internd
computationd time of the sysem. Such ardation can be computed in the backward direction T, T-1,T-2,
.. 21,0 garting with a "finad condition” X(T) defined & the future time T, which can be rdated to the
Arigotdian find cause. This magp can be transformed to the hyper recursive map (Dubois, 1996¢):

1-2X() =+ (1- X() 0 X(E+1) =[1+ (X@©) - D]/2 (42)

In defining aninitia condition X (0), each successveiterates X(t+1), t=0,1,2,..., T

give rie to two iterates due to the double Sgns *. So at each step, the number of values increases as
1,248,... In view of obtaining a single trgjectory, a each sep, it is necessary to make a choice for the
ggn. For that, let us define a contral function u(T-t) given by a sequence of binary digits 0,1, so thet the
vaiablesy

sg=2u(t) -1fort=12,....T (43)
is-1for u=0 and +1 for u=1. In replacing eg. 43 in eg. 42, we obtain

X(t+1) =[1 + (1 - 2u(t+1))(X(t) - 1)]/2 = X(1)/2 + u(t+1) - X(t).u(t+1) 49
which is a hyperincursve process becauise the computation of X(t+1) at time t+1 depends on X(t) a time

t and u(t+1) at the future time t+1. Eq. 44 is a soft  dgebraic map (Dubois, 1996¢) generdizing the
exdusve OR (XOR) defined in Booleen dgera y = x + X2 -2xixe where x and » are the Boolean



inputs and y the Boolean output. Indeed, in the hybrid system 44, X(t) isafloating point variable and u(t)
adigitd variable.

Sarting with theinitid condition X(0)=1/2, this sysem can memorize any given sequence of any length u.
Thefollowing Table | givesthe successive vaues o X for dl the possible sequences with 3 bits.

TABLEI

u  IXQ@ [X@ IX@ [x@ Ix@ [x@
000 |14 |025 |18 [0.125 |v16 [0.0625
100 |34 |o075 |38 [0.375 |16 [0.1875
110 |34 |o75 [5i8 |0.625 |516 [0.3125
010 (V4 |025 |78 |0.875 |716 [0.4375
011 |14 [o025 |78 [o.s75 |16 05625
111 (34 |o75 [5/8 [0.625 [11/16 [0.6875
101 |34 |075 |38 |0.375 |13/16 |0.8125
001 |14 [o025 |ws [o0.125 |15/16 [0.9375

Thistable gives the successive vaues of X for each sequence u asrationd and floating point numbers. The
number of decimd digitsincreasesin alinear way (one bit of the sequence corresponds to a decimd digit
of X). Thelagt digit 5 corresponds to the initid condition X(0)=0.5 and the two last digits 25 or 75 give
the parity check of the sequence. The time sep t is directly rdated to the number of digits with t=0,1,2,3
there are 4 digits. In looking & the successive increasing vaues of the floating points of X, we see that the
correpondent sequences u represent the Gray code. Contrary to the binary code, the Gray code changes
only one bit by the unitary addition. The numerator of each ratios is two times the floating point

representation of the Gray code of the sequence u, plus one. With the Gray code, we can congruct the
Hilbert curve which fills the two- dimensons space: the fractal dimensionis Dy=2. Thisis not possible with
the Cantor s=t, which gives discontinuities in two directions in the space (Schroeder, 1991).

The neuron is an andogica device which shows digitd soikes the andogicd part of the neuronisgiven by
the floating point values X and the vaues of the spikes are given by the digitd sequence u.

The andogicd coding X of digitd information of the spikes u is then a learning process which cregtes a

fractd memory.

Now, let us show how it is possble to recover the digitd information u(t) for t=,1,2,3,...,T from the
andogicd find vaue X(T) of the neuron (T=3 in our example).

The inversgon of the sequence has some andogy with the inverson of the image recaived by the eyes
With our method, the coding of an image leads to an inverse image o that the image is recondructed
without inverson.

The decoding of a sequence u from thefina vaue X(T) can be made by rdaion 1fort=T-1, T-2, ....

X(t) =1- abs(1-2X(t+ 1)) (45)
Let ustake an example, sarting with the fina vaue X(T=3)=0.5625, we compute successively X(2) =1 -

abs(1 - 2x0.5625) = 1 - 0.125 = 0.875,
X(1) =1- abs(1- 2x0.875) =1 - 0.75= 0.25, X(0) = 1 - abs(1- 2x0.25) = 0.5.



The sequence is then given by

u(t+1) = (2X(t+1)) div 1 (46)
where div istheinteger divison: u(3) = (2x0.5625) div 1 =1, u(2) = 1, u(1) = 0. The neuron will continue
to show spikes 1,0,1,0,1,0, ...

It is wdl-known that neurons are oscillators which present dway's pulsations, the coding of informetion is
aphase modulation of these pulsations (Dubois, 1992).

In taking the forma neuron of McCulloch and Ritts (1943), eg. 46 can be replaced by
u(t+1) = G(X(t+1) - 0.5) 47)

forwhichu=1if X 3 0.5 and u=0 otherwise.
Aswe can compute u(t) from X(t), it is possible to compute eg. 45 in the following way

X(t) = 2X(t+1) + 2u(t+1) - 4X(t+D)u(t+1) (48)
which is dso a soft computation of XOR.

So, to retrieve the message embedded in the stack memory by the soft XOR reation 44, a smilar soft
XOR relaion 48 is usd.

Thefallowing Fgure 8a b gives a possble neurd network for the sack memory (Dubois, 1996¢).

u(t) X(T) J/

X(T)

u(t) X(t)

Figure 8a-b: (a) The neuron NM represents the soft XOR eqg. 44 for the coding of the sequence
u(T-t) giving X(T); (b) The neuron NU isaMcCulloch and FAitts neuron given by eg. 47
computing the ordered sequence u(t) and the neuron NX represents the soft XOR eg. 8

giving X(t) garting from the find state X(T) coming from the neuron NM.



Thisis a property of XOR that the addition and the subtraction is the same operator. Here the soft XOR
given by anortlinear dgebraic relation gives the same property in agenerdized way.

In condusion, this mast section gives away to build a sack memory for automata such as neurd systems.
A hyperincurgve control of a fractd chaos map is usad for embedding input informations in the Sate
variable of the memory. The input sequence is given by a digitd variable and the memory is represented
by an andogicd variable. The andogicd variable is represented in floating point. With dlassca computer,
the number of decimd digit is limited so that we must code the decimd digits of great length by Strings
The actud neuron could be an andogica device working only with grings. In this way, such a neurd
system with hyperincurave sack memory could help in the design of aHyper Turing Machine,
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